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PRINCIPLE OF CORRESPONDENCE OF STATIC BOUNDARY-VALUE
PROBLEMS OF NONLINEAR VISCOELASTICITY WITH AGING
TO BOUNDARY-VALUE PROBLEMS OF THE THEORY OF ELASTICITY

G. Yu. Ermolenko UDC 539.376.001

The principle of correspondence of boundary-value problems of the nonlinear nonuniform
anisotropic theory of viscoelasticity to boundary-value problems of the theory of elasticity is
formulated. The correspondence is established by means of integral transforms with previously
unknown kernels. A class of viscoelastic materials for which these transforms can be reduced to
boundary-value problems of fictitious elasticity is determined.

We consider a nonlinear static boundary-value problem of nonuniform anisotropic viscoelasticity with
aging [1}:
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Oz; +Xi=0, ej= 2 {61:_,' Oz; }’
o0 t t n
gij(z,t) = z:l/v/ Riij(z,t, 71,72, ., Ta) H1 Eimjm(Tm) dTm, (1)
n=lg n 0 m=

gij(z,t)nj = Pi(z,t), €S, ui(z,t)=1ud(z,t), z€ Su.
Here ¢j(z,t) and o;;(z,t) are the components of the strain and stress tensors, Rj)(z,t,7,- .., Tn) are the
relaxation kernels, (3j) = #1519272 . . - tajn, ui(z,t) are the components of the displacement vector, Pi(z,t) are
the components of the stress vector on a part of the surface of the body S, with the unit normal n (n; are its
components), and uY(z,t) are the components of the displacement vector on a part of the surface S,.
We introduce linear integral transforms with the kernel ¢;(p, t):

&)= [ £ @halp,t) dp. @)
p

Here the functions f(t) and f*(p) are the integral image and the inverse integral image, respectively. We
assume that the following inverse integral transforms are known for the integral transforms (2)

') = [ fet 1) a2, ®)
Q

where ¢} (p,t) are the resolvent kernels.

Thus, for each inverse image f*(p), Eqs. (2) and (3) make it possible to choose as many possible integral
images f(t) as desired by choosing a specific form of the kernel ¢(p,t). The same two equations also allow us
to find as many integral inverse transforms as desired for each image f(t). Here the subscript ! in the notation
used for the kernels of the direct and inverse integral transforms make it possible to distinguish one integral
transform from another. Using Eqs. (2) and (3), we can obtain
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By changing the order of integration in (4), we have

10 = [ 1] [ it yedr. ) dplar. (5
Q, o8

In the last formula, /(p?'(p, tYei(p,t)dp = G(t',1) is, by virtue of (5), the kernel of the following
p
unitary integral transform

£(t) = / G(t,t)f(t) dt'.
2,

We further assume that all of the integral transforms are one-to-one and continuous and that it is
possible to change the order of integration and to calculate multiple integrals in an arbitrary order.

The foregoing permits us to prove the following theorem.

Theorem 1. Boundary-value problem (1) in inverse integral images (2) has the form

dali(z,p) 1 (Qu}(z,p) 3“(’«',?)}
N ARG * = * == i\ 3
az, + X (z,p) =0, ¢i(z,p) { 9s; = I

2

o0 n

afi(z,p) = 2 /v/ Rijy(2,p,p1, - - pa) I1 €y, (2, pe) dpe,
n=1 Qpl n Qpn €=1

oii(z,p)nj(z) = P (z,p), €S,  ul(z,p)=v)(z,p), z€S.
Proof. Let the components of the displacement vector u;(z,t) be the integral images of the inverse
images u}(z, p):

wi(z,t) = [ u}(z,p)elp,t) dp. (6)
Q2

Then the Cauchy relations make it possible to obtain

&ij(z,t) = %{a—i—ﬂ/ u; (z,p)ei(p,t) dp + a%j Q/ u}(z,p)w(p,t)dp}- (7

In (7), differentiation and integration are performed with different parameters. Thus, by changing the
order in which these operations are performed, we have

(e gy = [ [L[04(z,P) 3u§(z,p)]}
si(mt) = [{5[F52 + 5| Jete ) dp ®)
2p
Let €ij(z,1) in relations (1) be the integral image of the quantity ¢};(z, p):
ii(,t) = [ egi(z,Poulp,t) dp. 9
$lp

Then we can use (8) and (9) to obtain
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Also taking the relaxation kernels R(;;)(z,t,71,...,7a) to be the integral images of the quantities
Rfij)(xa 1% 5 TP Tn—-l,pl), we have

R(ij)(:r, LTy, Tn) = / Rzij)(z’ [ 2% 5 TN Tn-—l,Pl)(P?-(Pl, Tn) dPl . (11)

Qpy
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In turn, the function Rfij)(a:,t,‘rl, ..+, Ta—1,p1) in Eq. (11) can be considered the integral image of the
function RE:j)(I’ 4T,y Tn—2,P2,P1):

Rfij)(xataTl,«--aTn—l,Pl): /RZ:j)(:t,t,T],...,Tn_z,pg,pl)cp?'(pz,‘rn_.l)dpz.
Qpy

Thus, with allowance for the above, we represent the function Rj(z,t,71,. .., 7) in the form

R(ij)(xa 2% 5 PR Tn) = /v / RE:J))(za bP1,s--- ’pn)‘Ph (P, t) H ‘P?-(pm, Tm) dpm dp. (12)
Qp n+1Qp, m=1

Formula (12) makes it possible to transform the constitutive relation of problem (1) in the following
manner:

o0 t t n n
oij(z,t) = ZO/VO/{/V / REZ})(x,p,m,---,pn)w,(p,t) "Elﬁ’(pm,'rm)dpm dp}sl;‘[leigjg(’rf)d’rf'

n=lg = Qp n+1Qp,

Considering (12) and the fact that the integral transforms with the kernels ¢y(p,t) and ¢ (p,t) are
one-to-one transforms, we obtain

vij(z,t) = Z /{/ o /Rff})(z,p,pl,-.-,pn)ﬁﬂefejz(z,pe)dpe}w(z’,t)dp- (13)

=10y Q5 M Qpn

Let 0ij(z,?) also be the integral image of the inverse image o¥;(z, p):

aij(z,t) = [ ofi(z,pelp,t) dp. (14)
2
It then follows from (13) and (14) that

t](z P) Z / / R,,)(xyP,Pl,---’Pn) E]:[let?ejt(z!pf) dpf

n—lnp

Assuming that X;(z,t), Pi(z,t), and u?(z,t) are also the integral images of the quantities X 1 (z,p), P!(z,p),
and u!%(z, p):

Xi(z,t) = [ X;(@.0)eup)dp, Pilz,t) = [ Ple,p)eoi(m, 1) dp,
Qp Qp
u(z,t) = [ ui',poup, 1) dp,
Ip
we obtain
30{- z, * * * * *
._éi—-——p—) + X (z,p) =0, aij(z’p)nj(z) = P(z,p), z € So, u;(z,p) = uio(z,p), T € Sy
j

Thus, the boundary-value problem of viscoelasticity (1) becomes a boundary-value problem for images:

ao‘?'(zap) 1 au?(z P) au‘f(z:p)}
NS ANSLEA * = * = = LIS ]
azj + Xl (x’p) 0’ esj(z)p) 2 { 61:] + ax'_ b
l](z p Z] / / R(U)(z P, P1,- ,Pn) H €l€]€ T pf) dp£9 (15)
=i0p M Qpa

a',-*j(z,p)nj(z) = i (zap)a T € SO” u:(z:p) = u:o(z’p)? zT€ S"'
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Obviously, the boundary-value problem (15) does not have a time parameter, i.e., it is elastic for the
images. Thus, by using integral transforms, we have reduced the given class of problems of the nonlinear
nonuniform anisotropic theory of viscoelasticity to the corresponding class of problems of the theory of
elasticity.

The choice of the pair ¢;(p,t) and 99;"(p, t) of direct and inverse integral transforms in each particular
case is determined by the conditions that must be satisfied by the sought solutions of the initial viscoelastic
problem o;j(z,t), ui(z,t), and €;;(z,t) and by the class of viscoelastic materials being described, i.e., the
relaxation kernels R(;;)(z,t,1,. .., 7). For example, if a viscoelastic body occupies a finite volume, oij(z, 1),
ui(z,t), €ij(z,t) and R(;jy(2,t,71,...,7a) are assumed to be continuous with respect to all of their arguments
and the problem is examined on a finite time interval, then Fourier transforms can be used as the direct
and inverse integral transforms. When the behavior of an viscoelastic material is examined on a semi-infinite
straight line [t € [0, +00)], it becomes necessary to use direct and inverse Laplace transforms.

In making a transition from the viscoelastic boundary-value problem (1) to the corresponding elastic
problem (15), the constitutive equation (15) can be simplified considerably in some situations. For example,

(*)

this might occur in the case where R(U)(z D, D1, - -,Pn) satisfies the relation
RE:})(JU;P, P1y--. ,Pn) = RE:J))(:‘B, P) H G(P,Pv)~ (16)
v=1

Here Rg})(z, p) are the components of certain tensors and functions of the parameters z and p, and G(p,p,)
are the kernels of the unitary integral transformations. In this case, integral transforms with the kernels ¢;(p, t)
and ¢} (p,t) will be referred to as optimum transforms. Here the following theorem proves to be valid.

Theorem 2. Optimum transforms reduce the viscoelastic boundary-value problem (1) to a boundary-
value problem of nonlinear elasticity for the inverse images

da};(z,p) . _ dul(z,p) = Ouj(z,p)
. —_6:::,- + Xi (z, P) =0, u(z P) { a:tj + 9z },
U:j(z’p) z:lR(tJ)(z’p H eteje(z)p) (17)

.J(z,p)n,(z) P‘(z P), z€ Sth u; (-T,P) = ui (-'”,P)a T € Su-

Proof. To prove the theorem, it is sufficient to establish the validity of the constitutive equation of
the boundary-value problem (17). In fact, substituting (16) into (15), we obtain

aii(z,p) = / / Bg)\(2,2) T1 G(o,pv) 11 €1, (s pe) de- (18)
n-—l n v=1 =1
p; " Opn

Integrating in (18), we have
oli(z,p) = Z (.,)(z p) H €leje (2 P)-

We shall determine the class of viscoelastic materials (rela.xa.tlon kernels) for which relation (16) holds
true, i.e., we shall determine the possibility of reducing the initial problem to the nonlinear elastic problem
(17).

Theorem 3. In order to be able to reduce the boundary-value problem (1) to the boundary-value problem
(17) by means of integral transforms with the kernels ¢i(p,t) and wi(p,t), it is necessary and sufficient that
the relazation kernels be represented in the form

Rijy(z,t, 11505 n) /R(,J)(l‘ p)ey (p;t) H i (py7v) dp. (19)

=]
2
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Necessity. Let the boundary-value problem (1) be reduced to problem (17) by integral transforms. Since
the operations of differentiation with respect to the coordinates and integration over time are transposed in
the given case, it suffices to prove this just for the constitutive equations

oli(z.p) = 3 R()(,p) H €fs(:P)- (20)
n=1
Considering that efejf(a:,p) = /51'{1'5(3::76)99?-(1” 7¢) d7¢, we find from (20) that
QT£
l](x’p Z / / {R(,,)(z p) H ‘P( (p, ‘Tu)} H e.e,e(:c "'6) d-r€ (21)
n=1 nr n

Multiplying (21) by ¢y, (p,t) and mtegra.ting over p, we obtain

Jij(x’t) = / :J(x’P)‘Pll(p’t) dp= Z / / [/ R(;J)(z P SOII(P, H Y1 (p’T" dp] H 5:£J€(x T€) dTE

2 n—l 'r ks Qre Qp v=1

The expression in the square brackets is the kernel of the integral operator of the constitutive relations

Riijy(2,t 7,05 Ta) = / Rz, p)e(p,t) fﬂlw"(p, 7¢) dp.

Sufficiency. As before, it turns out to be sufﬁcxent to prove that the constitutive relation of problem (1)
converges to the constitutive relation of problem (17). In fact, substituting (19) into (1), we obtain

sizt=3 [ / [0 T i) ] [T siterred e

n=1 ﬂ-r€ n

Integrating over all 7¢ and considering that / Eigie (21 7¢) ot (p,7e) dre = e}'Eje (z,p), we arrive at the
ﬂ-r€
equality

oi@e) =3 B\ (@.p) T1 hs(2:9)-
n= v=1

There are other transforms [2-4] that reduce general relations of type (1) for piecewise-degenerate
kernels to a problem of nonlinear elasticity.

Let us illustrate the proposed method by solving a specific problem, namely, the problem of the stress-
strain state of an infinite strip that is composed of an aging material and is compressed by two distributed
forces. The thickness of the strip is 2b, and the forces on its surface are distributed in accordance with known
laws:

9aij(z, 1) t) Oui(z,t) = Ouj(z,t)
T oz 0, eij(=1) = 2{ 0z; + dz; }’

=00 -] s (7o)

+8(I- L) [”"””EZ"J"" + 2”"“(””’;):"' (=, t)], (22)

aij(z,t)nj(z) = Pi(z,t) = { 28;: 2 2 ;;’
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Here v is the Poisson ratio, F; is Young’s modulus, E is the modulus of quadratically nonlinear elasticity,
and B is a material constant. The operator (I — L) is expressed by the formula
t
oij _ 9ij(2,1)

_ ) 9ij(2,7) L
(I-1) BCBQG J Ea(r) K'(t,t —7)dr. (23)

The operator (I — L) has an inverse [5]. We write (23) in the form

a, (z,7) aij(z,7)
(1-10)% / { N K(t,t-—-r)}dr. (24)

Here G(t,7) is the kernel of a unitary integral transformation, and the kernel K'(¢,t — 7) is assumed to be
equal to zero for moments 7 greater than t. We rewrite (24) in the form

oij ¢:r,J z,T)

U-0ng= [ [G(t —K'(t,t— T)] dr.

We denote G(t,7) — K'(t,t — 1) = ¢i(t, 7).
Thus, in accordance with (5), the inverse transform is known for the kernel ¢;(t,7). We denote this

transform by cp;"(t, 7). As a result, we have the following as the constitutive equation for the boundary-value
problem (22):

o0
- _ [[Q+v)oi; o Omm OoB0apbij 20,,,00'.,]
eii(z,t) = o/ [ G — ey TR 4 p el (G(t,7) — K'(t,t — 1)} dr.

Using Eqgs. (6) and (9)-(11), for problem (22) we obtain

9aij(z,t) _ 1 [3ul(z,t) | Oui(z,t)
~ 8z 0. ej=t)= { dz; + dz; }’

14+v Omm +8 Top0qpdij + 20aa0ij

1J(x t) - E( )0'.1(.': t) V6'J E E2 E2 3

(25)

fz(y)v TE 52-

The boundary-value problem (25) is a nonlinear elastic problem. It is of interest that only the strains,
rather than the stresses, were transformed in this case. Thus, the stresses of the elastic problem (25) give the
stresses of the viscoelastic problem. The constitutive relations are used to determine the strain tensor, which
is then used to determine the displacement vector.

oij(z, t)nj(z) = Pi(z,t) = { fHy), z€5,
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